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Medium

This paper was originally published as a Medium article on the 24th of April
2022. This version has been modified to take advantage of LATEX. In the process,
many sections and images were left out, so feel free to give it a view.

Introduction

The whole wide world knows almost everything there is to know about the
Ternary Cantor Set and its higher dimension analogues, the Sierpinski Carpet
and the Menger Sponge. But the whole wide world seems fully unaware that
each of these fractals have an infinite amount of sisters. The goal of this paper
is to quickly introduce them so as to further our knowledge of fractal geometry.

Background

I would like to make it very clear right now that I am not a mathematician.
The following will therefore be void of any formal definitions. Though mathe-
maticians are my main audience here, I shall strive to write in a way that kids
can understand. Alas, I’d have trouble writing any other way.

Prior Reading

The perusal of this paper does require some basic knowledge of fractal geom-
etry. Feel free to get acquainted with Fractals, the Ternary Cantor Set, the
Sierpinski Carpet and the Menger Sponge. I have linked their Wikipedia pages,
but YouTube is full of information and awesome visualisations as well, so feel
free to give it a search.

Terminologies

The perusal of this paper also requires a sound understanding of the terminolo-
gies used herein. Firstly, mrly stands for Marley. A mrlyset is a package of frac-
tals. For example, the mrlyset3 contains the mrlytree3 (Cantor Ternary Set),
the mrlycarpet3 (Sierpinski Carpet) and the mrlysponge3 (Menger Sponge). A
mrlytree is the one-dimensional fractal in the mrlyset. A mrlycarpet is the
two-dimensional fractal in the mrlyset. A mrlysponge is the three-dimensional
fractal in the mrlyset. Grid Lines (gl), Grid Squares (gs) and Grid Cubes (gc)
represent the initial spaces we need to build our fractals. Void Lines (vl), Void
Squares (vs) and Void Cubes (vc) represent the spaces within our fractals that
must be void. Fill Lines (fl), Fill Squares (fs) and Fill Cubes (fc) represent
the spaces within our fractals that must be filled. The Tree Ratio (tr) repre-
sents the density of a mrlytree. The Carpet Ratio (cr) represents the area of
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a mrlycarpet. The Sponge Ratio (sr) represents the volume of a mrlysponge.
They each represent the fullness of our fractals, and are obtained by taking
our filled stuff and dividing it by our grid stuff. Tree Dimension (td), Carpet
Dimension (cd) and Sponge Dimension (sd) represent the Hausdorff Dimension
of our fractals, which is also an important topic, so quickly read about it. The
mrlyset0 represents the mrlytree0, the mrlycarpet0 and the mrlysponge0, which
in turn represent the fractals for which the Number (n), or sequence term, is in-
finity. In mrlymath, iterations can happen in two ways. We can iterate through
our mrlysets, so mrlyset3, mrlyset5, mrlyset7, and so on. We can also iterate
within our mrlysets, so mrlytree3.1, mrlytree3.2, mrlytree3.3, and so on. So
a mrlysponge3.5 represents the fifth iteration of a mrlysponge3, also called a
Level 5 Menger Sponge, and is found within the second set, the mrlyset3. For
now, this should do the trick. Before we begin our journey into the wonderful
world of mrlymath, we must first put our math hats on. Okay, let’s go!

The First Dimension

Our journey begins in the very first dimension: the world of mrlytrees.
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mrlytree3

To begin making our fractals, we need only a simple line. The well-known
Ternary Cantor Set takes this line, divides it into 3 equal lines, and removes
the middle one. We then have 2 lines, each of length 1/3. We now divide both
of these into 3 equal lines, and again remove the middle ones on each. We now
have 4 lines, each of length 1/9. We can continue this process forever.
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mrlytree5

The next fractal in line is the mrlytree5. As you can imagine, we just take a
line, divide it by 5, and remove the 2 middle 1/5. We now have 3 lines, each of
length 1/5. We then divide each of these by 5, and remove the 2 middle 1/25
on each. We now have 9 lines, each of length 1/25. Of course, we can do this
forever.
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mrlytree7

The next one is the mrlytree7. Once again, we just take a line, divide it by 7,
remove the 3 even middle 1/7, divide each of these by 7, and remove the 3 even
middle 1/49 of each, and continue forever.
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This way, we can create an infinite set of one-dimensional fractals, which I
am calling mrlytrees, because they branch in and out.

The very last fractal in line is the mrlytree0. Here, we just take a line and
divide it by infinity. We now have infinite lines, and we remove the infinite even
middle infinities. We then continue this process forever.

The basic rule for creating a mrlytree, which mathematicians will most surely
make use of in a formal definition, is to take a line of odd length, divide it by
that length, and remove all lines that are at an even position. So a mrlytree5.1
has 3 Fill Lines, each at an odd position (1, 3, 5), and 2 Void Lines, each at
an even position (2, 4). A similar even/odd coordinate rule will be applied in
other dimensions.

Let’s take a look at the mrlytree formulas and the first couple values.

The Grid Lines are extremely important values and are used throughout
mrlymath. It is from these values that all fractals get their names. For example,
the third fractal has 5 Grid Lines, so we call it the mrlytree5, mrlycarpet5 and
mrlysponge5.

The Tree Ratio is an interesting value, which basically calculates the pro-
portion of Fill Lines over Grid Lines. Of course, as we iterate, there will always
be more and more Fill Lines. But there will always be even more Grid Lines
than there are Fill Lines. We see that each fractal starts with a line, which we
can use to represent all real numbers between 0 and 1. So we always start with
an infinite amount of real numbers. As we iterate through any mrlytree, we get
less and less of these real numbers. So for example, the mrlytree5.0, like any
other, starts with 100% of all real numbers. The mrlytree5.1 has around 60%
of all real numbers. Yet, it still contains an infinite amount of numbers. The
mrlytree5.2 has around 36% of all real numbers. The mrlytree5.3 has around
22% of all real numbers.

It is also interesting to calculate the limits of the Tree Ratio for any given
iteration. We find that the limit for the 1st iteration is 1/2, so a mrlytree0.1
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starts with 50% of all real numbers. The limit for the 2nd iteration is 1/4, so a
mrlytree0.2 has 25% of all real numbers. The limit for the 3rd iteration is 1/8,
so a mrlytree0.3 has 12,5% of all real numbers. And so on. In other words, the
limit of the Tree Ratio for any given iteration (i) is simply (1=2)i.

By comparing the dimensions of each of these fractals, we see that the mr-
lytree dimensions tend towards one, which is the dimension of a simple line. So
1 is the limit for td. It will, of course, never be reached. For someone living
on a mrlytree0, their world must look pretty one-dimensional, even though it’s
not. For now, that’s all I have to say about mrlytrees. We can now enter the
second dimension.

The Second Dimension

Things get a bit trickier in higher dimensions. Luckily, our designs are very sim-
ple, so it’s not that bad. In two dimensions, our mrlytrees become mrlycarpets.
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mrlycarpet3

The first two-dimensional fractal is the well-known Sierpinski Carpet, which I
call the mrlycarpet3. To make one, we take our 1st iteration mrlytree3 Grid
Lines, which is 3, and square to get 9 Grid Squares. We then punch out the
middle square. We now have 8 Fill Squares and 1 Void Square. We can take
this shape, and make another one from it. In fact, we can do this forever. The
Sierpinski Carpet is pretty well documented, so feel free to look it up.

mrlycarpet5

Of more interest to us is the next fractal, the mrlycarpet5. To make this one,
we take our 5 Grid Lines, and square to get 25 Grid Squares. We then take
our 2 Void Lines, and square to get 4 Void Squares. We just punch out the 4
even middle holes, and we are left with 21 Fill Squares. We can take this shape,
make another one from it, and do that forever.

9



mrlycarpet7

We then have the mrlycarpet7. Once again, we just take our mrlytree7 Grid
Lines and Void Lines and square each to find 49 Grid Squares and 9 Void
Squares. Thus, our 1st iteration mrlycarpet7 has 40 Fill Squares.

Once again, we can find a simple coordinate rule for building mrlycarpets. We
simply state that if a square has 2 even coordinates, it must be void. This rule,
of course, works for all mrlycarpets, and all their iterations. A similar rule will
again be applied in three dimensions.

Let’s now take a look at the mrlycarpet formulas and values.
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If you’re a complete nerd, you may have noticed that the mrlycarpet formula
for calculating Fill Squares is identical to the formula for calculating Octagonal
Numbers. Why in the world are mrlycarpets connected to octagons, I do not
yet know. There must be some obvious visual explanation, which I have yet
to find. I did find this YouTube video which makes it easy to visualise. But
this still does not explain why octagons and fractals go hand in hand. The only
logical explanation I can find is that a square has 4 sides, and an octagon has
8, so that’s already a major connection. To get the Fill Squares formula, we
simply calculate the Grid Squares minus the Void Squares.

Similar to the limits of the mrlytrees, we find some unintuitive properties
within our mrlycarpets. We calculate that the 1st iteration Carpet Ratio tends
towards 3/4. So a mrlycarpet0.1 is 75% filled, which is a bit bizarre, since we’re
punching an infinite amount of holes into it. We find that the Carpet Ratio for
the 2nd iteration tends towards 9/16. So a mrlycarpet0.2 is around 56% filled.
We calculate that the Carpet Ratio for the 3rd iteration tends towards 27/64.
So a mrlycarpet0.3 is around 42% filled. We can, of course, see a pattern here.
The formula for calculating the Carpet Ratio limit of any iteration (i) is simply
(3=4)i.

As expected, we find that the mrlycarpet dimensions tend towards 2, which
is the dimension of a square. So our mrlycarpet0, with infinite Grid, Void and
Fill Squares is practically, well, a square. For someone living on a mrlycarpet0,
their world must look pretty two-dimensional, even though it’s not. That’s
enough carpet business for now. Let’s have some fun with sponges.
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